ABSTRACT. We introduce certain relative differential characters which we call CheegerChern-Simons characters. These combine the well-known Cheeger-Simons characters with Chern-Simons forms. In the same way as the Cheeger-Simons characters generalize Chern-Simons invariants of oriented closed manifolds, the Cheeger-Chern-Simons characters generalize Chern-Simons invariants of oriented manifolds with boundary.
The present article contributes to the program of String geometry. By String geometry we understand the study of geometric structures on a smooth manifold X that correspond to so-called Spin structures on the free loop space L (X). Given a principal Spin n -bundle π : P → X, the loop space functor yields a principal L (Spin n )-bundle π : L (P) → L (X).
To study the geometry of the free loop space, one would like to construct associated vector bundles from loop group bundles. However, all positive energy representations of the loop group L (Spin n ) are projective [25] . Therefor one needs to lift the structure group of the loop bundle from L (Spin n ) to its universal central extension L (Spin n ). The obstruction to such lifts is a certain cohomology class in H 3 (L (X); Z), most easily described as the transgression to loop space of the class 1 2 p 1 (P) ∈ H 4 (X; Z). Actual bundle lifts are sometimes referred to as Spin structures on the loop bundle.
Instead of those lifts one may also consider trivializations of the class 1 2 p 1 (P) on the manifold X itself. This is the program of String geometry. On the one hand, 1 2 p 1 (P) is the obstruction to lift the structure group of π : P → X from Spin n to its 3-connected cover String n . As is well known, String n cannot be realized as a finite dimensional Lie group, but as an infinite dimensional Fréchet Lie group [24] . From this perspective, String geometry is the study of principal String n -bundles (with connection) lifting the given principal Spin n -bundle (with connection). Actual such lifts may be called (geometric) String structures in the Lie theoretic sense. On the other hand, 1 2 p 1 (P) is the characteristic class of a higher categorical geometric structure, the so-called Chern-Simons bundle 2-gerbe [8, 34] . From this perspective, String geometry is the study of trivializations of the Chern-Simons bundle 2-gerbe together with a compatible connection. Actual such trivializations (with connection) are called (geometric) String structures in the gerbe theoretic sense.
Isomorphism classes of Spin n -bundles π : P → X are in 1-1 correspondence with homotopy classes of maps f : X → BSpin n to the classifying space. Likewise, isomorphism classes of String n -lifts π : P → X are in 1-1 correspondence with homotopy classes of lifts
By work of Redden [27] , the latter are also in 1-1 correspondence with certain cohomology classes in H 3 (P; Z), called String classes. The set of all String classes on π : P → X is a torsor for the cohomology H 3 (X; Z) of the base. String classes are recovered by String structures, in both senses mentioned above. Associated with a String class on a compact riemannian manifold is a canonical 3-form ρ ∈ Ω 3 (X) which trivializes the class 1 2 p 1 , see [27] . Transgression to loop space maps a String class to the Chern class of a line bundle over L (P). The total space of this line bundle is the total space of the L (String n )-lift of the loop bundle π : L (P) → L (X).
String classes are a special case of the more general concept of trivialization classes for universal characteristic classes for principal G-bundles [27] . The present article introduces a notion of differential trivialization classes for universal characteristic classes of principal G-bundles with connection π : (P, θ ) → X. These are certain differential cohomology classes q ∈ H * (P; Z) whose characteristic classes are trivialization classes as in [27] . Associated with a differential trivialization class q is a form ρ ∈ Ω * (X) on the base which trivializes the given characteristic class.
Specializing to the class 1 2 p 1 ∈ H 4 (BSpin n ; Z) we obtain our notion of differential String classes. These are differential cohomology classes q ∈ H 3 (P; Z) on the total space of the Spin n -bundle that restrict on any fiber to the so-called basic class in H 3 (Spin n ; Z): the stable isomorphism class of the basic gerbe [20] . The characteristic class of a differential String class is a String class in the sense above. Associated with a differential String class q is a uniquely determined 3-form ρ ∈ Ω 3 (X) that trivializes the class 1 2 p 1 (P). The set of all differential String classes on (P, θ ) is a torsor for the differential cohomology H 3 (X; Z). String classes in our sense recover canonical differential refinements of String classes (on a compact riemannian manifold), that are implicit in [27] . They coincide with stable isomorphism classes of geometric String structures in the sense of [34] and thus coincide with the differential String classes from [35] .
The key step in the notion of differential trivialization classes is the notion of CheegerChern-Simons characters CCS θ ∈ H * (π; Z) that we introduce in the present work. Cheeger-Chern-Simons characters are certain relative differential characters in the sense of [6] . Differential characters were introduced by Cheeger and Simons in [9] as certain U(1)-valued characters on the group of smooth singular cycles in X. The ring of differential characters on a manifold X is nowadays called the differential cohomology of X. We denote it by H * (X; Z). Out of a differential character h ∈ H k (X; Z) one obtains a smooth singular cohomology class c(h) ∈ H k (X; Z) -its characteristic class -as well as a differential k-form curv(h) ∈ Ω k (X) with integral periods -its curvature. Both the characteristic class and the curvature map are well-known to be surjective. In this sense, differential characters are refinement of smooth singular cohomology classes by differential forms.
As a particular example, Cheeger and Simons construct certain even degree differential characters on the base X of a principal G-bundle with connection (P, θ ) → X with curvature given by the Chern-Weil forms of (P, θ ) → X. This construction thus lifts the ChernWeil map to a differential character valued map. We refer to these particular characters as Cheeger-Simons characters and denote them by CW θ to emphasize their relation to the Chern-Weil map. They are also called differential characteristic classes by some authors [7, 17] .
Relative differential characters were introduced by Brightwell and Turner in [6] as differential characters on the mapping cone cycles of a smooth map ϕ : A → X. Thus it would also be appropriate to call them mapping cone characters. A relative character h ∈ H k (ϕ; Z) determines an absolute characterp(h) ∈ H k (X; Z). Out of a relative character h ∈ H k (ϕ; Z) one obtains an additional differential form cov(h) ∈ Ω k−1 (A) -its covariant derivative. Relative differential characters in H k (ϕ; Z) may be regarded as sections of the absolut charactersp(h) ∈ H k (X; Z) along the map ϕ : A → X. An absolute character in H k (X; Z) has sections along a smooth map ϕ if and only if its characteristic class vanishes upon pullback by ϕ. See [1, 2] for further details. Bundle gerbes on X provide a particular class of examples of relative differential characters: any bundle gerbe G with connection, defined by a submersion π : Y → X, determines a relative differential character h G ∈ H 3 (π; Z) with covariant derivative the curving H ∈ Ω 2 (Y ) of the bundle gerbe. The absolute characteȓ p(h G ) ∈ H 3 (X; Z) corresponds to the stable isomorphism class of the bundle gerbe.
In the present paper we refine the above mentioned construction of Cheeger-Simons characters to relative characters for the bundle projection π : P → X. The resulting relative characters will be called Cheeger-Chern-Simons characters, and we denote them by CCS θ . Two observations lead to the construction of Cheeger-Chern-Simons characters: First of all, universal characteristic classes of principal G-bundles vanish upon pull-back to the total space. Thus Cheeger-Simons characters admit sections along the bundle projection. Secondly, the pull-back of a Chern-Weil form CW θ to the total space has a canonical trivialization: the associated Chern-Simons form CS θ . Putting these observations together, we obtain the notion of Cheeger-Chern-Simons characters:
Let G be a Lie group with finitely many components and (P, θ ) → X a principal Gbundle with connection. Associated with an invariant polynomial λ on the Lie algebra g and corresponding universal characteristic class u ∈ H 2k (BG; Z) is a unique natural relative differential character CCS θ (λ , u) ∈ H 2k (π; Z) with covariant derivative the ChernSimons form CS θ (λ ) that maps to the Cheeger-Simons character CW θ (λ , u) under the map H * (π; Z) → H * (X; Z). The construction of the Cheeger-Chern-Simons character CCS θ relies on the same arguments as the construction of the Cheeger-Simons character CW θ in [9] . We also discuss multiplicativity and dependende upon the connection.
In the same way as the Cheeger-Simons character CW θ generalizes the Chern-Simons invariants of oriented closed manifolds, the Cheeger-Chern-Simons character CCS θ generalizes the Chern-Simons invariants of oriented manifolds with boundary. Specializing to the universal characteristic class u = 1 2 p 1 ∈ H 4 (BSpin n ; Z), the Cheeger-ChernSimons character CCS θ ( 1 2 p 1 ) coincides with the relative differential cohomology class h CS ∈ H 4 (π; Z) represented by the Chern-Simons bundle 2-gerbe CS on X.
For the application of the Cheeger-Chern-Simons characters to differential trivializations of universal characteristic classes and to differential String classes, we need two kinds of transgression: Transgression to loop space of (absolute and relative) characters was discussed in [1, 2] . We also construct transgression in the universal bundle as a map from Cheeger-Simons characters on BG to certain characters on G. This is done by modifying the usual construction of the transgression T : H * (BG; Z) → H * −1 (G; Z) using the mapping cone cohomology of the bundle projection.
The paper is organized as follows: Section 2 reviews the well-known Chern-Weil, Chern-Simons and Cheeger-Simons constructions and constructs Cheeger-Chern-Simons characters. Section 3 discusses several notions of transgression for Cheeger-Simons characters: transgression to loop space and transgression in the universal bundle. Section 4 introduces differential trivializations of universal characteristic classes of principal Gbundles. Section 5 specializes to the case of differential String classes. The appendices provide background information on differential characters, bundle 2-gerbes and transgression.
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CHEEGER-CHERN-SIMONS THEORY
Let G be a Lie group with finitely many components. Let g be its Lie algebra. Let (P, θ ) → X be a principal G bundle with connection. Let λ be an invariant polynomial on g, homogeneous of degree k. By the classical Chern-Weil construction, the polynomial λ associates with (P, θ ) the Chern-Weil form CW θ (λ ) ∈ Ω 2k (X). In fact, the Chern-Weil form CW θ (λ ) is closed and its de Rham cohomology class [CW θ (λ )] ∈ H 2k dR (X) does not depend upon the connection θ .
The Chern-Weil construction has two well-known refinements, the Chern-Simons and Cheeger-Simons construction: The pull-back of the Chern-Weil form CW θ (λ ) along the bundle projection π : P → X is an exact form. The Chern-Simons form CS θ (λ ) ∈ Ω 2k−1 (P), constructed in [10] , satisfies dCS θ (λ ) = π * CW θ (λ ). Moreover, the Chern-Weil construction has a unique lift to the differential cohomology H 2k (X; Z), constructed in [9] . In other words, the Chern-Weil form CW θ (λ ) is the curvature of a differential character CW θ (λ ) ∈ H 2k (X; Z).
In this section, we further refine these well-known constructions: we show that there is a canonical natural relative differential character for the bundle projection π : P → X with covariant derivative CS θ (λ ), which maps to CW θ (λ ) under the mapp : H 2k (π; Z) → H 2k (X; Z). Since this construction combines the Chern-Simons form CS θ (λ ) with the Cheeger-Simons differential character CW θ (λ ), we call it the Cheeger-Chern-Simons construction.
For convenience of the reader, we review the classical Chern-Weil and Chern-Simons constructions. The basic notions of relative and absolute differential characters are reviewed in Appendix A.
2.1. The Chern-Weil, Chern-Simons and Cheeger-Simons constructions. In this section, we briefly review the results of the classical Chern-Weil and Chern-Simons constructions. We review in more detail the refinement of the classical Chern-Weil map to a differential character valued map, constructed by Cheeger and Simons in [9] . We term this the Cheeger-Simons construction.
2.1.1. Universal bundles and connections. Let G be a Lie group with finitely many components. Let g be its Lie algebra. Let x ∈ BG. We denote by π EG : EG → BG the universal principal G-bundle over the classifying space of G. We denote by EG x := π −1
Any principal G-bundle π : P → X can be written as pull-back of the universal bundle via a pull-back diagram
The pull-back bundle π * EG EG → EG is trivial as a principal G-bundle. A trivilization is given by the tautological section that maps any point p ∈ EG to itself, considered as a point in the fiber (π * EG EG) p = EG π(p) over π(p) ∈ BG. A universal characteristic class for principal G-bundles is a cohomology class in H * (BG; Z). It is well-known that the total space EG of the universal principal Gbundle is contractible. Hence H * (EG; Z) = {0} and for any universal characteristic class u ∈ H * (BG; Z), we have π * u = 0.
Connections on a principal G-bundle P → M can also be induced via pull-back from certain universal data, called universal connections: Narasimhan and Ramanan [23] construct universal connections on n-classifying principal G-bundles. 1 A universal connection for principal G-bundles in the sense of [23] is a family of universal connections on nclassifying G-bundles (or a direct limit of those).
However, by work of Schlafly [28] , the classifying space BG can be realized as a Banach manifold, and the universal principal G-bundle π EG : EG → BG carries a universal connection Θ in the sense of connections on Banach manifolds. Moreover, for any principal G-bundle π : (P, θ ) → X with connection, we find a smooth map f : M → BG such that (P, θ ) → X and f * (EG; Θ) → X are isomorphic as principal G-bundles with connection over X. See also [19, 26] for further aspects of universal connections. Another construction of universal connections on universal principal G-bundles has appeared more recently in [5] .
A map f : X → BG such that (P, θ ) = f * (EG, Θ) is called a classifying map for (P, θ ) → X as principal G-bundle with connection. Note that neither universal connections nor classifying maps for a bundle with connection are unique.
A completely different point of view on classifying spaces, universal bundles and universal connections is taken in [12] . By means homotopical algebra, Freed and Teleman construct a universal principal G-bundle, denoted E ∇ G → B ∇ G, where both the total space and base are simplicial sheaves (instead of infinite dimensional manifolds). In this setting, there is a canonical universal connection for principal G-bundles, which is a g-valued 1-form on E ∇ G. Moreover, this universal connection induces unique classifying maps for principal G-bundles with connection.
Although it would be interesting to study the Cheeger-Simons and Cheeger-ChernSimons characters in terms of this new notion of universal connection, we will not pursue this approach in the present paper. For a fairly general exposition of generalized differential cohomology in terms of homotopical algebra, we refer to [7] .
2.1.2. The Chern-Weil construction. Let G be a Lie group with finitely many components. Let g be its Lie algebra. Following the notation of [9] , we set
for the space of Ad G -invariant symmetric multilinear real valued functions from the kfold tensor product of g. Such functions are called invariant homogeneous polynomials of degree k on g. Let (π, θ ) : P → X be a principal G-bundle with connection. We denote by F θ ∈ Ω 2 (X, Ad(P)) the curvature 2-form of the connection θ . The Chern-Weil map CW θ :
The Chern-Weil form CW θ (λ ) is a closed differential form whose de Rham cohomology class does not depend upon the choice of connection θ . More precisely, the Chern-Weil forms for two connections θ 0 , θ 1 differ by the differential of the Chern-Simons form CS(θ 0 , θ 1 ; λ ) for these connections. The construction of the Chern-Simons form is reviewed in Section 2.1.4 below.
2.1.3. The Cheeger-Simons construction. As above, let G be a compact Lie group with Lie algebra g. Let Θ be a fixed universal connection on the universal principal G-bundle π EG : EG → BG. We denote the universal Chern-Weil map to the real cohomology of BG
For any principal G-bundle with connection π : (P, θ ) → X, we have the commutative diagram:
The maps cl R and cl Z are induced by a classifying map f : X → BG for the bundle with connection (P, θ ). They do not depend upon the choice of classifying map. The map dR :
dR (X), followed by the de Rham isomorphism. The horizontal maps in the right square are the change of coefficients maps induced by the inclusion Z ֒→ R. For an integral cohomology class u ∈ H 2k (X; Z), we denote by u R its image in H 2k (X; R).
The question arises whether the Chern-Weil form CW θ (λ ) may be represented as curvature of an appropriate differential character (in case it has integral periods). The question is answered affirmatively in [9] by what we term the Cheeger-Simons construction. Following the notation established there, we put:
for the set of pairs of invariant polynomials and integral universal characteristic classes that match in real cohomology. Moreover, denote by
the set of pairs of closed forms with integral periods ω and smooth singular cohomology classes w that match in real cohomology. It is shown in [9] that the Chern-Weil map CW θ has a unique natural lift to a differential character valued map in the following sense: For any k ≥ 1 and any principal G-bundle with connection π : (P, θ ) → X, there exists a unique natural map CW θ such that the diagram
3 By diagram (2), the curvature of the Cheeger-Simons character is the Chern-Weil form
and its characteristic class is given by
Naturality of the map CW θ means that for any smooth map g : X ′ → X and the pull-back bundle g
We call the map CW θ : K * (G; Z) → H * (X; Z) the Cheeger-Simons construction. By [9, Cor. 2.3] , it is a ring homomorphism with respect to the ring structures of K * (G; Z) and H * (X; Z).
2.1.4.
The Chern-Simons construction. As before, let π : (P, θ ) → X be a principal Gbundle with connection and λ ∈ I k (G) an invariant polynomial. The pull-back bundle π * P → P has a tautological section σ taut , which maps any point p ∈ P to itself, now considered as a point in the fiber (π * P) p = P π(p) . The tautological section σ taut yields a triv-
In particular, π * P carries a canonical flat connection θ taut , obtained from the trivial connection on P × G by pull-back via the inverse of the trivialization.
Since the de Rham cohomology classes of Chern-Weil forms do not depend upon the choice of connection, all Chern-Weil classes of π * P vanish. In particular, the pull-backs π * CW θ (λ ) = CW π * θ (λ ) ∈ Ω 2k (P) of Chern-Weil forms are exact forms on P. They are the differentials of the Chern-Simons forms to be reviewed next.
The Chern-Simons form of a connection θ was first constructed in [10] as an invariant (2k − 1)-form on P whose differential is the pull-back π * CW θ (λ ) of the Chern-Weil form.
In fact, there are two different notions of Chern-Simons forms, closely related to one another: the Chern-Simonms form of two connections θ 0 , θ 1 is a (2k − 1)-form on the base CS(θ 0 , θ 1 ; λ ) ∈ Ω 2k−1 (X) with differential the difference of the corresponding Chern-Weil forms, while the Chern-Simons form for one connection θ is a (2k − 1)-form on the total space CS θ (λ ) ∈ Ω 2k−1 (P) with differential the pull-back of the Chern-Weil form.
Denote by A (P) the space of connections on the principal G-bundle P → X. It is an affine space for the vector space Ω 1 (X; Ad(P)) of 1-forms on the base X with values in the associated bundle Ad(P) := P × Ad g. In particular, A (P) is path connected.
Let θ 0 , θ 1 be connections on π :
Integrating the Chern-Weil form of this connection over the fiber of the trivial bundle
. By the fiberwise Stokes theorem, we have:
.
Since A (P) is an affine space, there is a canonical path joining two connections θ 0 and θ 1 , namely the straight line θ (t) := (1 − t)θ 0 + tθ 1 from θ 0 to θ 1 . The Chern-Simons form for two connections is the (2k − 1)-form on the base, obtained as above, for the straight line:
As above, it satisfies dCS(θ 0 , θ 1 ;
The Chern-Simons form CS θ (λ ) ∈ Ω 2k−1 (P) for one connection θ on the bundle P → X is defined as the Chern-Simons form for the two connections θ taut and π * θ on the pull-back bundle π * P → P:
Since the connection θ taut is flat, we have dCS θ (λ ) (6) = CW π * θ (λ ) = π * CW θ (λ ). We call the map CS θ : I k (G) → Ω 2k−1 (P), λ → CS θ (λ ), the Chern-Simons construction. 4 Up to an exact remainder, the Chern-Simons form CS θ (λ ) is the unique natural (2k − 1)-form on P with differential π * CW θ (λ ). In fact, any two (2k − 1)-forms on EG with differential π * EG CW Θ (λ ) differ by an exact form, since EG is contractible. In general, the Chern-Simons form CS θ (λ ) is an invariant form on P, but it is neither horizontal nor closed. It depends in a well-known manner upon the connection θ (see [10, Prop. 3.8] and Section 2.4 below). The pull-back of the Chern-Simons form CS θ (λ ) to the fiber P x ∼ = G over any point x ∈ X does not depend upon the choice of connection θ . It can be expressed solely (and explicitly) in terms of the Maurer-Cartan form of G.
Moreover, for low dimensional bases X, the Chern-Simons form CS θ (λ ) is independent of the connection θ and is itself a closed form, see [10, Thm. 3.9] .
Let Θ be a universal connection on the universal principal G-bundle
. From the exact sequence (38) and contractibility of EG we conclude ι(CS Θ (λ )) = π EG * CW Θ (λ , u). Thus the Chern-Simons form provides a topological trivialization of the pull-back of the Cheeger-Simons character CW Θ (λ , u) to EG. Now let (P, θ ) → X be a principal G-bundle with connection. Let f : X → BG be a classifying map for the bundle with connection and denote by F : P = f * EG → EG the induced bundle map. Then we have: (9) ι
Here ι : Ω 2k−1 (EG) → H 2k (EG; Z) denotes topological trivialization of differential characters, as explained in the Appendix A.
2.1.5. The Chern-Simons action. Let (P, θ ) → X be a principal G-bundle with connection. Let f : M → X be a smooth map. Suppose that the pull-back bundle π :
Thus the bundle π : f * P → M can be represented by a constant map f : M → BG and hence all its characteristic classes vanish.
In particular, any Cheeger-Simons character CW f * θ (λ , u) is topologically trivial. In fact, topological trivializations are given by pull-back via σ of the corresponding ChernSimons form CS f * θ (λ ). Namely, from (9) we obtain:
Since the left hand side is independent of the choice of section σ , the same holds for the right hand side.
In particular, if M is a closed oriented (2k −1) manifold and the pull-back bundle f * P → M admits sections, then we obtain the Chern-Simons invariant of M by evaluating the Cheeger-Simons character on the fundamental class:
This happens e.g. if G is simply connected and M is a closed oriented 3-manifold, for in this case, any principal G-bundle π : f * P → M admits sections. In this sense, the CheegerSimons character CW θ (λ , u) generalizes the classical Chern-Simons invariants of closed oriented 3-manifolds. In Section 2.3, we generalize this observation to the Chern-Simons action of oriented manifolds with boundary.
The Cheeger-Chern-Simons construction.
In this section, we combine the Cheeger-Simons and Chern-Simons constructions to a relative differential character valued map. This map will be called the Cheeger-Chern-Simons construction.
As above, let G be a Lie group with finitely many components. Fix a classifying connection Θ on the universal principal G-bundle π EG : EG → BG. Let π : (P, θ ) → G be principal G-bundle with connection and let f : X → BG be a classifying map for the bundle with connection. Since EG is contractible, universal characteristic classes for principal Gbundles vanish upon pull-back to the total space. Thus any differential character on X with characteristic class a universal characteristic class for principal G-bundles is topologically trivial along the bundle projection.
This holds in particular for the Cheeger-Simons character
From the exact sequence (40) we conclude that CW θ (λ , u) admits sections along π. A canonical such section will be obtained by the Cheeger-Chern-Simons construction below.
Prescribing the covariant derivative.
To begin with, we lift the map CW θ × c Z to R 2k (π; Z): 
:
Proof. Since EG is contractible, the long exact sequence for the mapping cone complex of the bundle projection π EG : EG → BG reads:
In particular, we obtain isomorphisms p :
Now let π : (P, θ ) → X be a principal G-bundle with connection. We define the lift
denotes the pull-back with the classifying map f : X → BG. In terms of a universal connection Θ on π EG : EG → BG we have:
Clearly, the composition of the map CCS θ with the forgetful map R 2k (π; Z) → R 2k (X; Z) yields the map CW θ × cl Z . By definition, the map CCS θ is natural with respect to pull-back of bundles with connection by smooth maps g : (1)) thus vanishes on integral cycles and represents the trivial class in H 2k (BG; U(1)) ∼ = Hom(H 2k (BG; Z), U(1)). Hence there exists a U(1)-valued cochain w ∈ C 2k−1 (BG; U(1)) satisfying exp(2πiCW Θ (λ )) = δ w. We then have:
Now let (s,t) ∈ C 2k (π EG ; Z) be a relative cycle. Then we have:
In particular, the image of the relative de Rham class [CW (λ ),CS(λ )] dR under the de Rham isomorphism lies in the image of the reduction of coefficients map
. This follows from the commutative diagram
The Cheeger-Chern-Simons character.
In the same way as the Cheeger-Simons construction CW θ lifts the map Chern-Weil construction CW θ × cl Z to a differential character valued map, there is a canonical natural lift of CCS θ to a relative differential character valued map CCS θ . The relative differential character CCS θ (λ , u) trivializes the differential character CW (λ , u) along the bundle projection π like the Chern-Simons form CS θ (λ ) trivializes the Chern-Weil form π * CW (λ ) in relative de Rham cohomology. It is the unique natural section of the Cheeger-Simons character with prescribed covariant derivative equal to the Chern-Simons form. It is thus uniquely determined by the Chern-Simons construction, which itself is not unique, but canonical.
Theorem 2 (Cheeger-Chern-Simons construction). Let G be a Lie group with finitely many components. Let
(λ , u) ∈ K 2k (G; Z). For any principal G-bundle with connection π : (P, θ ) → X, there exists a unique relative differential character CCS θ (λ , u) ∈ H 2k (π; Z) such
that the following holds:
The curvature and covariant derivative of CCS θ (λ , u) are given by the Chern-Weil and Chern-Simons form:
The Cheeger-Chern-Simons character CCS θ (λ , u) trivializes the Chern-Simons character CW θ (λ , u) along the bundle projection π:
The Cheeger-Chern-Simons construction CCS θ is natural with respect to pull-back by smooth maps, i.e., for any smooth map f : X ′ → X and the pull-back bundle f * (P, θ ), we have:
From (12) and (13), we obtain the commutative diagram:
x x r r r r r r r r r r K 2k (G; Z)
x xR 2k (X; Z) .
In particular, we have
Proof. We first prove uniqueness. By the requirement (14) that the Cheeger-Chern-Simons construction be natural with respect to pull-back of principal G-bundles with connections, it is uniquely determined by the map
EG → BG with a fixed universal connection Θ. We show that this map is uniquely determined by (12) and (13). It is well-known, that H 2k−1 (BG; R) = {0} for any k ≥ 1. Consider the long exakt sequence of the mapping cone complex of the bundle projection π EG : EG → BG:
Thus H 2k−1 (π EG ; R) = {0} and the exact sequence (39) reads:
Hence the map (curv, cov, c) :
be any map satisfying (12) and (13) . Let (λ , u) ∈ K 2k (BG; Z) andũ ∈ H 2k (π EG ; Z) as in the proof of Lemma 1. By (13) 
u → u, from the mapping cone exact sequence yields the identification c( CCS
Together with (12), we obtain
In other words, CCS = (curv, cov, c) −1 • CCS.
To prove existence, we define the Cheeger-Chern-Simons map by the above formula and show that this construction satisfies the statements: Let π : (P, θ ) → X be a principal G-bundle with connection. Fix a classifying map f : X → BG such that (P, θ ) = f * (EG, Θ) as principal G-bundles with connection. Then put:
By the very definition, the construction is natural with respect to pull-back of G-bundles with connection, hence it satisfies (14) . Moreover,
This shows (12) . Exactness of the sequence
By naturality of the Cheeger-Simons construction, we thus obtain:
This proves (13 
is closed with integral periods.
Multiplicativity.
It is well-known that the Cheeger-Simons construction is multiplicative: it defines a ring homomorphism CW : K 2 * (G; Z) → H 2 * (X; Z). In [2] we show that for any smooth map ϕ : A → X, the graded group H * (ϕ; Z) is a right module over the ring H * (X; Z). It is easy to see that the Cheeger-Chern-Simons construction is (almost) multiplicative with respect to this module structure:
. Then there exists a differential form ρ ∈ Ω (2k−2) (EG) such that we have:
Proof. It suffices to prove this for the universal G-bundle π EG : EG → BG with universal connection Θ. Relative differential characters in H 2 * (π EG ; Z) are uniquely determined by their curvature, covariant derivative and characteristic class. Hence it suffices to compare those data for the two sides of (19) .
The Chern-Weil map CW Θ is multiplicative while the Chern-Simons map CS Θ is multiplicative only up to an exact form. Thus there exists a differential form ρ ∈ Ω (2k−2) (EG)
The Chern-Simons action.
In the same way as the Cheeger-Simons character CW θ (λ , u) generalizes the classical Chern-Simons action along oriented closed (2k − 1)-manifolds, the Cheeger-Chern-Simons character generalizes the classical Chern-Simons action along oriented manifolds with boundary: Thus let π : (P, θ ) → X be a principal G-bundle with connection, and (λ , u) ∈ K 2k (G; Z). Let M be a compact oriented (2k − 1)-manifold with boundary, and denote by i ∂ M : ∂ M → M the inclusion of the boundary. Let f : M → X be a smooth map and F : f * P → P the induced bundle map. Let σ : M → f * P be a smooth section of the pull-back bundle. Put
This way we obtain a map of pairs (M, ∂ M)
Since characters in H 2k (id f * P ; Z) are uniquely determined by their covariant derivative,
Since the left hand side only depends upon σ | ∂ M , so does the right hand side.
2.4. Dependence upon the connection. As above let (P, θ ) → X be a principal G-bundle with connection and (λ , u) ∈ K 2k (G; Z). In this section we discuss the dependence of the Cheeger-Chern-Simons character CCS θ (λ , u) upon the connection θ . We first review the well-known dependencies of the Chern-Weil form CW θ (λ ), the Chern-Simons form CS θ (λ ) and the Cheeger-Simons character CW θ (λ , u) upon the connection θ . Let θ 0 , θ 1 ∈ A (P) be connections on π : P → X. As explained in Section 2.1.4, the Chern-Weil forms for the two connections differ by the differential of the Chern-Simons form:
Analogously, we find for the Chern-Simons forms of the two connections:
Combining the formulae for the Chern-Weil and Chern-Simons forms, we thus have
Now consider the Cheeger-Simons characters for the two connections θ 0 , θ 1 ∈ A (P). Choose smooth classifying maps f i : X → BG, i = 0, 1, for the bundle with connection. Let θ (t) := (1 − t)θ 0 + tθ 1 be the straight line joining the two connections, and f t : X → BG a smooth family of smoot classifying maps for the connections θ t , t ∈ [0, 1]. Then the map
, is a smooth homotopy from f 0 to f 1 . The homotopy formula (42) yields 7 :
We have the analogous result for the Cheeger-Chern-Simons characters of two connections:
Proposition 5. Let π : P → X be a principal G-bundle with connections θ 0 , θ 1 ∈ A (P). Let (λ , u) ∈ K 2k (G; Z). Then we have:
Proof. As above choose classifying maps f t for the connections θ t :
Using the homotopy formula (43) for relative characters, we find:
TRANSGRESSION
In this section we discuss transgression of Cheeger-Simons characters. On the one hand we have the usual transgression of absolute and relative characters to (free and based) loop spaces. On the other hand, we derive a generalization of the transgression map in the universal principal G-bundle from integral cohomology to Cheeger-Simons characters. The two transgressions coincide only topologically under the homotopy equivalence between 7 Note that by the orientation conventions, we have
G and L 0 (BG). A further notion of transgression may be obtained from work of Murray and Vozzo [21] in combination with fiber integration of differential characters.
3.1. Transgression to loop space. In [1, Ch. 9] we construct transgression of (absolute) differential characters on X to mapping spaces and in particular to the free loop space L (X):
Here ev : L (X) × S 1 → X, (γ,t) → γ(t), denotes the evaluation map and π ! the fiber integration for the trivial bundle π : 
Here L (X, A) denotes Fréchet manifold of (pairs of) smooth maps γ :
, denotes the evaluation map. Note that both transgression maps have natural restrictions to transgression maps to based loop spaces. We will apply these transgression maps in Section 5 to the CheegerChern-Simons characters.
3.2. Transgression in the universal bundle. Let G be a Lie group with finitely many components. Let π EG : EG → BG be the universal principal G-bundle over the classifying space BG. In this section we consider various ways to define the cohomology transgression in the universal principal G-bundle. We add a new description of the transgression by using the mapping cone cohomology of the bundle projection. This enables us to define in the following section the universal transgression of Cheeger-Simons characters.
In the literature there appear two different conventions for the transgression, which are (almost) inverse to each other. We follow the notion of transgression used in [10, 15, 9] , which is a the left inverse to the one considered in [3] . The former is called suspension by some authors, since it is closely related to the suspension isomorphism. Moreover, it is related to the transgression to loop space as considered in the previous section. We review these relations in the Appendix C below.
The transgression T : H * (BG; Z) → H * −1 (G; Z) is usually defined as the composition of the following maps: (23)
Here x ∈ BG is an arbitrary point. The third map is the inverse of the connecting homomorphism H * −1 (EG x ; Z) → H * (EG, EG x ; Z) in the long exact sequence of the pair (EG, EG x ). By contractibility of EG, the connecting homomorphism is an isomorphism. The isomorphism
is induced by the diffeomorphisms G → EG x obtained from the group action.
There are several other constructions of the transgression map. We use the following: Let u ∈ H * (BG; Z) and x ∈ BG. Choose a cocycle µ ∈ C * (BG; Z) that represents the class u. Since EG is contractible, we find a chain ν ∈ C * −1 (EG; Z) such that π EG * µ = δ ν. Thus the pair (µ, ν) ∈ C * (π EG ; Z) is a cocycle of the mapping cone complex.
Let i EG x : EG x → EG denote the inclusion of the fiber over x. Then we have δ (i *
ν is a cocycle and we set
It is well-known that the two definitions of the transgression given above are independent of the various choices and that they yield the same map. 8 We now describe a modification of the second construction by using the mapping cone cohomology of the bundle projection π EG : As in Section 2.2 we note that the mapping cone long exact sequence
yields an isomorphism H * (BG; Z) → H * (π EG ; Z), u →ũ. Let x ∈ BG be an arbitrary point and i x : {x} → BG the inclusion. The induced bundle map is the inclusion i EG x : EG x → EG of the fiber over x. Thus we have the pull-back diagram:
The mapping cone sequence for the left vertical map π EG | EG x yields isomorphisms H * −1 (EG x ; Z) → H * (π EG | EG x ; Z). Thus we may regard the transgression map as the composition: (24)
We show that this representation of the transgression coincides with the previous one: Let µ ∈ Z * (BG; Z) be a cocycle representing u ∈ H * (BG; Z). As above we find a cochain ν ∈ C * −1 (EG; Z) such that the pair (µ, ν) ∈ C * (π EG ; Z) is a mapping cone cocycle. It represents the classũ ∈ H * (π EG ; Z), since µ represents the class u ∈ H * (BG; Z). Pull-back along −(i x , i EG x ) yields
3.3. Universal transgression of Cheeger-Simons characters. In this section we define transgression of Cheeger-Simons characters CW Θ (λ , u) ∈ H 2k (BG; Z) for a universal principal G-bundle π EG : EG → BG with universal connection Θ.
A first attempt to define the universal transgression in differential cohomology is to replace singular cohomology groups in (23) by differential cohomology groups. As above let i x : {x} → BG be the inclusion of an arbitrary point in the base and i EG x : EG x → EG the inclusion of the fiber over x. Now the long exact sequences (40) for the inclusion i EG x reads:
→ . . .
Thus the mapȋ i EGx
is not an isomorphism. But it is injective and thus has a canonical left inverse. This way we obtain a transgression map defined on all 
we obtain H 2k−1 (i EG x ; R) = {0}. From the exact sequence (39) we conclude that relative characters in H 2k (i EG x ; Z) are uniquely determined by their curvature, covariant derivative and characteristic class. The character
CS Θ (λ ) and characteristic class (π EG , π EG | EG x ) * u. The same holds for the image of the absolute character with curvature i *
EG x CS Θ (λ ) and characteristic class T (u) under the mapȋ i EGx
Instead of using (23), we construct the transgression map analogously to the one for singular cohomology in (24) . Replacing singular cohomology groups by differential cohomology groups, we obtain the following sequence of maps:
Note that for n ≥ 3, the third map is an isomorphism. For in this case, the long exact sequence (40) for the projection π EG | x reads:
On the other hand, the homomorphismp π EG : H n (π EG ; Z) → H n (BG; Z) is not injective and hence does not have a canonical left inverse: The long exact sequence (40) for the bundle projection π EG reads:
. . .
Thus the homomorphismp : H n (π EG ; Z) → H n (BG; Z) is surjective with kernel dΩ n−2 (EG). Although an arbitrary character H n (BG; Z) does not have a canonical preimage under the mapp, the Cheeger-Simons characters have:
To the Cheeger-Simons character CW Θ (λ , u) ∈ H 2k (BG; Z) is canonically associated the Cheeger-Chern-Simons character CCS Θ (λ , u) ∈ H 2k (π EG ; Z). This yields a canonical notion of universal transgression for Cheeger-Simons characters: Definition 6. Let G be a Lie group with finitely many components. Let π EG : EG → BG be a universal principal G-bundle with universal connection Θ. Let (λ , u) ∈ K 2k (G; Z) with k ≥ 2. The universal transgression of the Cheeger-Simons character CW Θ (λ , u) ∈ H 2k (BG; Z) is the differential character on G defined by
The Chern-Simons form CS Θ (λ ) ∈ Ω 2k−1 (EG) was initially constructed in [10] as a de Rham representative of the transgression T : H * (BG; R) → H * −1 (G; R). The universal transgression of Cheeger-Simons characters as in Definition 6 is a refinement of the transgression T : H * (BG; Z) → H * −1 (G; Z) and of the Chern-Simons construction: for any (λ , u) ∈ K 2k (G; Z) we have c(T ( CW Θ (λ , u) )) (24) = T (c ( CW Θ (λ , u) 
In case H 2k−2 (G; R) = {0}, the transgressed character T ( CW Θ (λ , u) ) is the unique character in H 2k−1 (G; Z) with characteristic class T (u) and curvature i * 3.4. Transgression via the caloron correspondence. Let G be a compact connected Lie group and L (G) and L 0 (G) the free and the based loop group. Calorons are certain peridoic G-instantons on a manifold of the form X × S 1 . They were introduced in theoretical physics [14, 22] . Later it was observed [13] that they are in 1-1 correspondence with L (G)-intantons on X. In mathemcatical terms, the so-called caloron correspondence [21, 16 ] is a 1-1 correspondence between principal L (G)-or L 0 (G)-bundles over a manifold X and principal G-bundles over X × S 1 . Both sides of the correspondence may be equipped with connections: in this case, the caloron correspondence is a 1-1 correspondence between G-bundles over X × S 1 with connection and L (G)-or L 0 (G)-bundles over X with connection and a so-called Higgs field.
A particular L (G)-bundle with connection arises from the path fibration P(G) → G. This bundle also carries a canonical Higgs field. Thus the caloron correspondence gives rise to a canonical principal G-bundle with connection ( P, θ ) → G × S 1 , see [21] . Since the base of this G-bundle is a (trivial) fiber bundle with compact oriented fibers, we may apply fiber integration for differential characters as constructed in [1] to the CheegerSimons characters CW θ (λ , u) ∈ H 2k (G × S 1 ). This yields another notion of transgression for Cheeger-Simons characters: Let (λ , u) ∈ K 2k (G; Z). Then we put:
It would be interesting to know whether the two transgression maps T (defined via the Cheeger-Chern-Simons characters) and T ′ (defined via the caloron correspondence) coincide. So far, we have no answer to this question in general. However, one easily sees that both constructions yield characters with the same curvature and characteristic class: It is shown in [8, Prop. 3.4] λ , u)) ). Hence the two transgression maps T, T ′ from Cheeger-Simons characters to differential characters on G agree up to topologically trivial flat characters. In case H 2k−2 (G; R) = {0}, they coincide. Note that we do not have a general notion of transgression of differential characters H 2k (BG; Z) → H 2k−1 (G; Z). Both transgressions discussed here do not immediately extend to all of H 2k (BG; Z): The trangsression T from Section 3.3 uses the fact that CheegerSimons characters have canonical sections along the projection map π EG : EG → BG. An arbitrary character in H 2k (BG; Z) does not have a canonical section along π EG . The transgression T ′ in the current section uses the fact that the construction of Cheeger-Simons characters is natural with respect to connection preserving bundle maps: any classifying map of the bundle with connection ( P, θ ) → G × S 1 maps the character CW Θ (λ , u) ∈ H 2k (BG; Z) to the character CW θ (λ , u) ∈ H 2k (G × S 1 ; Z). For an arbitrary character in H 2k (BG; Z), the pull-backs by different classifying maps might be different characters in H 2k (G × S 1 ; Z). However, they have the same characteristic class, as any two classifying maps are homotopic.
u). Thus from (26) and (26) we conclude that c(T ( CW
Θ (λ , u))) = c(T ′ ( CW Θ (λ , u))) and curv(T ( CW Θ (λ , u))) = curv(T ′ ( CW Θ (
DIFFERENTIAL TRIVIALIZATIONS OF UNIVERSAL CHARACTERISTIC CLASSES
In this section we use Cheeger-Chern-Simons characters to discuss differential refinements of trivializations of universal characteristic classes for principal G-bundles. Specializing to the class 1 2 p 1 ∈ H 4 (BSpin n ; Z) this yields our notion of differential String classes, see Section 4 below.
Trivializations of universal characteristic classes.
Throughout this section let G be a Lie group with finitely many components and π : P → X a principal G-bundle. As above let π EG : EG → BG be a universal principal G-bundle over the classifying space of G, i.e. a principal G-bundle with contractible total space. Let u ∈ H n (BG; Z) be a universal characteristic class for principal G-bundles. Equivalently, we may consider u as a homotopy class of maps BG u − → K(Z, n). In the following we briefly review the notion and basic properties of trivialization of universal characteristic classes from [27] .
Let BG u be the homotopy fiber of BG u − → K(Z, n). Let f : X → BG be a classifying map of the bundle π : P → X, i.e. f * EG ∼ = P as principal G-bundles over X. A trivialization of the class u(P) := f * u ∈ H n (X; Z) is by definition a homotopy class of lifts
The class u(P) admits trivializations if and only if it is trivial, i.e. u(P) = 0. By [27, Prop. 2.3], a trivialization of u(P) gives rise to a cohomology class q ∈ H n−1 (P; Z) such that for any x ∈ X we have:
Here i P x : P x → P denotes the inclusion of the fiber P x := π −1 (x) ⊂ P over x ∈ X. A cohomology class q ∈ H n−1 (P; Z) satisfying (29) is called a u-trivialization class. The cohomology of the base acts on u-trivialization classes by q → q + π * w, where w ∈ H n−1 (X; Z). If H j (G; Z) = {0} for j < n − 1, then trivializations of u(P) are classified up to homotopy by u-trivialization classes q ∈ H n−1 (P; Z). In this case, the transgression T : H n (BG; Z) → H n−1 (G; Z) is an isomorphism and we have the Serre exact sequence
In particular, the set of u-trivialization classes is a torsor for H n−1 (X; Z).
Differential trivializations.
We are looking for an appropriate notion of differential refinements of u-trivialization classes. Naively, one could define a differential utrivialization to be any differential character q ∈ H n−1 (P; Z) whose characteristic class c( q) is a u-trivialization class. However, by the exact sequences (38) this would determine those differential characters only up to an infinite dimensional space of differential forms on P. Instead, we expect that for an appropriate notion of differential u-trivializations, the space of all those is a torsor for the differential cohomology H n−1 (X; Z) (respectively π * H n−1 (X; Z), in case pull-back by π is not injective). Let u ∈ H n (BG; Z) be a universal characteristic class in the image of the ChernWeil map, i.e. n = 2k and there exists an invariant polynomial λ ∈ I k (g) such that u R = [CW Θ (λ )] dR ∈ H n (BG; R). The Chern-Simons construction yields a representation of the transgression homomorphism in real cohomology: the image of T (u) in real cohomology is represented by the restriction of the Chern-Simons form to any fiber:
where x ∈ X is an arbitrary point. Thus we expect the curvature of a differential utrivialization q to be related the Chern-Simons form CS θ (λ ). However, this form is not closed, since dCS θ (λ ) = π * CW θ (λ ). By assumption, we have u(P) = f * u = 0, and hence [CW θ (λ )] dR = u R = 0. Thus there exist differential forms ρ ∈ Ω 2k−1 (X) such that dρ = CW θ (λ ). Then the form CS θ (λ ) − π * ρ is closed. Moreover, we may choose ρ such that CS θ (λ ) − π * ρ has integral periods.
This follows from the long exact sequence for mapping cone de Rham cohomology with integral periods:
. We thus find a pair of forms (ρ, η)
The space of forms ρ ∈ Ω 2k−1 (X) with dρ = CW θ (λ ) and
(P) is a torsor for the infinite dimensional group Ω 2k−1 0 (X). For a fixed such form and a fixed u-trivialization class q, the set of differential characters q ∈ H 2k−1 (P; Z) with curvature curv( q) = CS θ (λ ) − π * ρ and characteristic class c( q) = q is a torsor for the torus
The condition that CS θ (λ ) − π * ρ has integral periods has a nice interpretation in terms of global sections of the Cheeger-Simons character CW θ (λ , u) ∈ H 2k (X; Z): As above assume that u(P) = 0. Thus CW θ (λ , u) is topologically trivial. By the long exact sequence (40) for the map id X it has a global section. By (41) global sections are uniquely determined by their covariant derivative. Thus for any form ρ ∈ Ω k−1 (X) with dρ = CW θ (λ ), we havȇ
Now consider the long exact sequence (40) once for the map id X and once for the bundle projection π : P → X. Pull-back along the map (id X , π) : (X, P) → (X, X) yields the commutative diagram:
Pull-back along (id X , π) maps the global section ι id (ρ, 0) ∈ H 2k (id X ; Z) of the CheegerSimons character CW θ (λ , u) maps to the relative character ι π (ρ, 0) ∈ H 2k (π; Z). Thus commutativity of the right square yieldsp(ι π (ρ, 0)) =p(ι id (ρ, 0)) = CW θ (λ , u). On the other hand we havep( CCS θ (λ , u)) = CW θ (λ , u). Thus the relative characters p( CCS θ (λ , u)) and ι π (ρ, 0) differ by a character in the image of the homomorphism ı : H 2k−1 (P; Z) → H 2k (π; Z). This observation yields our notion of differential utrivializations:
Definition 7. Let G be a Lie group with finitely many components and π : (P, θ ) → X a principal G-bundle with connection. Let u ∈ H 2k (BG; Z) be a universal characteristic class for principal G-bundles and (λ , u) ∈ K 2k (G; Z). A differential u-trivialization is a differential character q ∈ H 2k−1 (P; Z) such that
for some ρ ∈ Ω 2k−1 (X).
To establish our notion of differential u-trivializations, we started from a global section of the Cheeger-Simons character CW θ (λ , u). We show that any differential u-trivialization uniquely determines a global section: Lemma 8. Let G be a Lie group with finitely many components and (λ , u) ∈ K 2k (G; Z). Let π : (P, θ ) → X be a principal G-bundle with connection. Let q ∈ H 2k−1 (P; Z) be a differential u-trivialization. Then the differential form ρ ∈ Ω 2k−1 (X) in (31) is uniquely determined by q and satisfiesp(ι id (ρ, 0)) = CW θ (λ , u). Thus ι id (ρ, 0) ∈ H 2k (id X ; Z) is the unique global section of the Cheeger-Simons character CW θ (λ , u) with covariant derivative ρ. Conversely, any such global section determines differential u-trivializations, uniquely up to characters of the form j(π * w) ∈ H 2k−1 (P; Z) for some w ∈ H 2k−2 (X; U (1)).
Proof. Assume that (31) holds for two differential forms ρ, ρ ′ ∈ Ω 2k−1 (X). Then we have ι π (ρ − ρ ′ , 0) = 0 and hence cov(
Since pull-back of differential forms along the bundle projection π : P → X is injective, we conclude ρ = ρ ′ .
From the commutative diagram (30) and (31) we concludȇ
Thus we have a global section of CW θ (λ , u) with covariant derivative ρ.
is the unique global section of CW θ (λ , u) with covariant derivative ρ. Hence ι π (ρ, 0) ∈ H 2k (π; Z) is a section along π. Thus we havep( CCS θ (λ , u) − ι π (ρ, 0)) = 0.
By the long exact sequence (40) we find a differential character q ∈ H 2k−1 (P; Z) such that −ȋ( q) = CCS θ (λ , u) − ι π (ρ, 0). By (40) again it is uniquely determined up to a character of the form j(π * w) for some w ∈ H 2k−2 (X; U(1)).
We show that differential u-trivializations are differential refinements of u-trivialization classes, i.e. its characteristic classes are u-trivialization classes. Conversely, any utrivialization class is the characteristic class of a differential u-trivialization. In particular, the property for a principal G-bundle with connection π : (P, θ ) → X to admit differential u-trivializations is a purely topological condition, namely vanishing of the characteristic class u(P) ∈ H * (X; Z).
Proposition 9. Let G be a Lie group with finitely many components and (λ
, u) ∈ K 2k (G; Z). Let π : (P, θ ) → X
be a principal G-bundle with connection. Then the following holds:
If q ∈ H 2k−1 (P; Z) is a differential u-trivialization, then c( q) is a u-trivialization class. Conversely, for any u-trivialization class q ∈ H 2k−1 (P; Z) there exist differential u-trivializations q ∈ H 2k−1 (P; Z) with characteristic class c( q) = q. In particular, π : (P, θ ) → X admits differential u-trivializations if and only if u(P) = 0. Moreover, the curvature of a differential u-trivialization q with differential form ρ satisfies (32) curv
For a differential u-trivialization q ∈ H 2k−1 (P; Z) and an arbitrary point x ∈ X, we have:
The set of all differential u-trivializations is a torsor for the group π * H 2k−1 (X; Z).
Proof. Assume u(P) = 0. Thus the Cheeger-Simons character CW θ (λ , u) is topologically trivial. Choose ρ ∈ Ω 2k−1 (X) such that ι(ρ) = CW θ (λ , u). By Lemma 8 there exist differential u-trivializations with differential form ρ.
Next we prove (33) . Let q ∈ H 2k−1 (P; Z) be a differential character satisfying (29) . We compute the pull-back to the fiber P x over any point x ∈ X. From the commutative diagram
and naturality of the long exact sequence (40) we obtain
By the long exact sequence (40) for the bundle projection π| P x over a point x ∈ X the mapȋ π| Px :
From (33) we conclude
Thus the characteristic class c( q) of any differential u-trivialization q is a u-trivialization class. In particular, u(P) = 0. Conversely, let q ∈ H 2k−1 (P; Z) be a u-trivialization class. We construct a differential utrivialization q with c( q) = q. Let q ′ ∈ H 2k−1 (P; Z) be any differential u-trivialization with differential form ρ ′ . Put q ′ := c( q ′ ). Since q and q ′ are both u-trivialization classes, we have q − q ′ = π * w for some w ∈ H 2k−1 (X; Z). Choose a differential character w ∈ H 2k−1 (X; Z) with characteristic class c( w) = w. Now put q := q ′ + π * w. Then we have c( q) = q. Put ρ := ρ ′ − curv( w). Then we haveȋ id ( w) = ι id (−curv(w), 0) and hence
Thus q is a differential u-trivialization. The equation curv( q) = CS θ (λ ) − π * ρ follows immediately from (31) and cov(ȋ( q)) = −curv( q).
Let q be a differential u-trivialization with differential form ρ and h ∈ H 2k−1 (X; Z). As above we haveȋ id (h) = ι id (−curv(h), 0) and hence
Thus q + π * h is a differential u-trivialization with differential form ρ − curv(h). Hence the differential cohomology group H 2k−1 (X; Z) acts on the set of differential u-trivializations. The action of the group H 2k−1 (X; Z) on the set of differential u-trivializations is in general not free. The kernel of the map π * : H 2k−1 (X; Z) → H 2k−1 (P; Z) is contained in the image of the map j : H 2k−2 (X; U(1)) → H 2k−1 (X; Z). By injectivity of the latter, the kernel consists of characters of the form j(v), where v is in the kernel of π * : H 2k−2 (X; U(1)) → H 2k−2 (P; U(1)).
It remains to show that the action is transitive. Let q and q ′ be differential utrivializations with differential forms ρ and ρ ′ , respectively. By Lemma 8 we havȇ (ρ ′ , 0) ). From the long exact sequence (40) we thus obtain a differential character h
From the upper row in (30), we conclude q
Remark 10. In general, the condition (33) is weaker than (31): Let µ ∈ Ω 2k−2 (X) and f ∈ C ∞ (P) not constant along the fibers. Put η := f · π * µ. Then η vanishes upon pullback to any fiber P x . Moreover, dη = d f ∧ π * µ + f · π * dµ is not the pull-back of a form on the base X. Now let q be any differential u-trivialization.
is not the pull-back of a form on X. Thus (32) is violated. In general, even the two conditions (32) and (33) together do not imply (31): Suppose there exists a closed form ν ∈ Ω 2k−1 (X) such that π * ν = dη for some η ∈ Ω 2k−2 (P) and i * P x η is exact for any x ∈ X. Without loss of generality we assume that ν does not have integral periods. Let q be a differential u-trivialization with differential form ρ.
η is exact and thus ι(i * P x η) = 0. Thus h satisfies (33) . Moreover, h satisfies (32), since
Thus h satisfies (31) if and only if ι π (ρ, η) = ι π (ρ ′ , 0) for some ρ ′ ∈ Ω 2k−1 (X). The latter condition is equivalent to (ρ − ρ ′ , η) being closed with integral periods. By assumption, dη = π * ν and dν = 0.
Thus we necessarily have ρ − ρ ′ = ν. But by assumption ν does not have integral periods, and so neither does (ν, η) = (ρ − ρ ′ , η).
Dependence upon the connection.
Since the Cheeger-Chern-Simons character CCS θ (λ , u) depends upon the connection θ , so do differential u-trivializations:
Proof. By definition, we have
Thus the character q − ι(α(θ 0 , θ 1 ; λ )) ∈ H 2k−1 (P; Z) and the form ρ + CS(θ 0 , θ 1 ; λ ) ∈ Ω 2k−1 (X) together satisfy condition (31) on (P, θ 1 ).
DIFFERENTIAL STRING CLASSES AND CHERN-SIMONS THEORY
In this section, we establish our notion of differential String classes on a principal Spin nbundle with connection π : (P, θ ) → X, where n ≥ 3. We obtain this notion by specializing the notion of differential u-trivialization to the case u = 1 2 p 1 ∈ H 4 (BSpin n ; Z). Our notion of differential String classes corresponds to the notion of geometric String structures from [34] : A geometric String structure is a trivialization of the Cheeger-Simons bundle 2-gerbe with compatible connection, i.e. a certain bundle gerbe with connection on P. The stable isomorphism classes of geometric String structures are in 1-1 correspondence with differential String structures.
By [27] , for any fixed Riemannian metric g on X there is another way to obtain differential refinements of String classes. Thus assume that p 1 (P) = 0. Hodge decomposition on X provides us with a canonical 3-form ρ 0 ∈ Ω 3 (X) with differential the Chern-Weil form dρ 0 = CW θ ( 1 2 p 1 ), namely the unique coexact such form. Using adiabatic limits and Hodge theory on P, Redden constructs for any String class q ∈ H 3 (P; Z) a canonical closed form ω ∈ Ω 3 (P) such that [ω] dR = q R . In this setting, one may define a differential String class to be a differential character q ∈ H 3 (P; Z) with curvature ω and characteristic class q. It turns out that this notion of differential String classes coincides with our notion. Moreover, these characters are uniquely determined by the condition that the pull-back to any fiber is the basic character in H 3 (Spin n ; Z).
String structures and String classes.
The group String n is by definition a 3-connected cover of Spin n . It is defined only up to homotopy. As is well known, the homotopy type String n cannot be represented a finite dimensional Lie group since any such group has non-vanishing π 3 . There exist several models of String n , either as a topological group [32] , as a finite dimensional Lie 2-group [29] or as an infinite dimensional Fréchet Lie group [24] . In the latter case a String structure (in the Lie theoretic sense) is defined as a lift of the structure group of π : P → X from Spin n to String n . String n is defined as the homotopy fiber of a classifying map λ : BSpin n → K(Z; 4) for the generator 1 2 p 1 ∈ H 4 (BSpin n ; Z) ∼ = H 3 (Spin n ; Z) ∼ = π 3 (Spin n ) ∼ = Z. A String structure (in the homotopy theoretic sense) on a principal Spin n -bundle π : P → X is a homotopy class of lifts f of classifying maps f of the bundle π : P → X:
Isomorphism classes of String structures in the Lie theoretic sense correspond to String structures in the homotopy theoretic sense. Clearly, a principal Spin n -bundle π : P → X admits a String structure (in either sense) if and only if 1 2 p 1 (P) = 0. Since H j (Spin(n); Z) = 0 for j = 1, 2, by [27] there is a 1-1 correspondence between isomorphism classes of String structures on P and 1 2 p 1 -trivialization classes q ∈ H 3 (P; Z). These classes are called String classes.
Differential String classes.
We now derive our notion of differential String classes by specializing the concept of differential trivializations of universal characteristic classes of principal G-bundles from Section 4. For G = Spin n , n ≥ 3, the Chern-Weil construction yields an isomorphism 9 I 2 0 (Spin n ) → H 4 dR (BSpin n ; Z) ∼ = H 4 (BSpin n ; Z) ∼ = Z. We thus write the elements of K 4 (Spin n ; Z) simply as λ or u instead of pairs (λ , u). 9 Here I k 0 (G) denotes the space of invariant polynomials of degree k, the Chern-Weil forms of which have integral periods.
Let (P, θ ) → X be a principal Spin n -bundle with connection. The invariant polynomial λ ∈ I 2 0 (Spin n ) ∼ = H 4 (BSpin n ; Z) yields the Chern-Weil form CW θ (λ ) ∈ Ω 4 0 (X) and the Cheeger-Simons character CW θ (λ ) ∈ H 4 (X; Z) with curvature curv( CW θ (λ )) = CW θ (λ ) and characteristic class c( CW θ (λ )) = u. Moreover, we have the Chern-Simons form 10 CS θ (λ ) ∈ Ω 3 (P) and the Cheeger-Chern-Simons character CCS θ (λ )) ∈ H 4 (π; Z) ∈ Ω 3 (Spin n ) can be expressed purely in terms of the Maurer-Cartan form of Spin n , see [10] . In particular, it is independent of the connection θ on P.
Since H 2 (Spin n ; R) = {0}, we conclude from the long exact sequence (40) that T ( CW θ ( 1 ) ) the basic 3-character on Spin n , since it coincides with the stable isomorphism class of the so-called basic bundle gerbe on Spin n , see [20] .
By Lemma 8 any differential String structure q satisfies i * P x q = T ( CW θ ( Proof. Let h ∈ H 3 (P; Z) be a differential character with curv(h) = CS θ ( 1 2 p 1 ) − π * ρ for some ρ ∈ Ω 3 (X) and characteristic class c(h) a String class. Then we have curv(i * λ , u) ) for any x ∈ X. Thus it suffices to show prove the second statement.
Since H i (Spin n ; Z) = {0} for i = 1, 2, the bundle projection provides an isomorphism π * : H 2 (X; R) → H 2 (P; R). By the exact sequences (38), differential characters in H 3 (P; Z) are thus uniquely determined by their curvature and characteristic class up to characters of the form π * ι(ν) for some closed form ν ∈ Ω 2 (X).
Since i *
, the characteristic class c(h) is a String class. By Lemma 8 there exists a differential String class q ′ ∈ H 3 (P; Z) with characteristic class c(h). Let ρ ′ ∈ Ω 3 (X) be the differential form of the differential String class q ′ . By the condition on curv(h), we have curv
Since the pull-back π * : Ω * (X) → Ω * (P) is injective, the form ρ − ρ ′ is closed. On the other hand, curv(h) − curv( q ′ ) is exact, since both forms represent the cohomology class c(h) R . By the exact sequence (35) the pull-back π * : H 3 (X; Z) → H 3 (P; Z) is injective. Thus we find a form η ∈ Ω 2 (X) such that ρ − ρ ′ = dη.
Put q := q ′ + ι(π * η). Then we have curv( q) = curv( q ′ ) + dπ * η = curv(h) and c( q) = c( q ′ ) = c(h). Thus there exists a closed form ν ∈ Ω 2 (X) such that h = q + ι(π * ν) = q ′ + ι(π * (η + ν)). Since q ′ is a differential String class, we have:
Thus h is a differential String class with differential form ρ.
Related concepts.
In this section we relate differential String classes as defined above to a similar concept obtained from [27] and to geometric String structures in the sense of [34] . The latter are certain bundle gerbes with connection on P. We show that their stable isomorphism classes are differential String classes and vice versa, any differential String class is the stable isomorphism class of a geometric String structure. In particular, differential String classes as above coincide with the differential String classes from [35] . In [27] , Redden constructs for any String class q on a principal Spin n -bundle over a compact Riemannian manifold (X, g) a canonical 3-form on P which represents q R in de Rham cohomology. Any differential character with curvature this form and characteristic class q may be considered a canonical differential refinement of q. We show that these are differential String classes.
5.3.1. Canonical differential refinements. Let (X, g) be a compact Riemannian manifold and q ∈ H 3 (P; Z) a fixed String class. Let ρ 0 be the unique coexact 3-form satisfying dρ 0 = CW θ (λ ). Denote by H 3 (X) the space of harmonic 3-forms on X with respect to the metric g. By [27, Thm. 3.7] , there is a unique harmonic form with integral periods ρ ∈ H 3 (X; Z) such that
Thus the form CS θ (λ ) − π * (ρ 0 + ρ) is a canonical representative of the String class q in de Rham cohomology. In particular, it has integral periods. As a consequence one might consider any differential character h ∈ H 3 (P; Z) with characteristic class a String class q and curvature the associated Redden form CS θ (λ ) − π * (ρ 0 + ρ) as a canonical differential refinement of the String class q. By Proposition 13 any such character h is a differential String class in the sense of Definition 12. In this sense our notion of differential String classes recovers the notion of canonical differential refinements of String classes that is implicit in [27] .
Geometric String structures.
A geometric String structure in the sense of [34] is a certain bundle gerbe with connection on P. More precisely, it is a trivialization of the so-called Cheeger-Simons bundle 2-gerbe CS with compatible connection. The latter represents the Cheeger-Chern-Simons character CCS θ ( A geometric String structure on (P, θ ) is by definition a trivialization of the CheegerSimons bundle 2-gerbe CS together with a compatible connection. In particular, it is a bundle gerbe with connection G on P. Its Dixmier-Douady class is a String class. Moreover, there is a uniquely determined 3-form ρ ∈ Ω 3 (X) such that curv(G ) = CS θ (
Thus the stable isomorphism class of G is a differential character with characteristic class a String class and curvature CS θ ( 1 2 p 1 ) − π * ρ. By Proposition 13 it is a differential String class in the sense of Definition 12. Conversely, since both the set of differential String classes on (P, θ ) and the set of stable isomorphism classes of geometric String structures are torsors for the differential cohomology group H 3 (X; Z), any differential String class is the stable isomorphism class of a geometric String structure. In this sense our notion of differential String classes recovers the notion of (stable isomorphism classes of) geometric String structures from [34] . In particular, it coincides with the notion of differential Strimg classes from [35] .
Chern-Simons theory. The Cheeger-Simons character
0 (Spin n ) ∼ = H 4 (BSpin n ; Z) ∼ = Z may be considered as defining a Chern-Simons theory at level ℓ for the group Spin n with target space X, extended down to points. Its evaluations on lower dimensional closed oriented manifolds are given by the transgressions to mapping spaces. 11 For a point * , the mapping space C ∞ ( * , X) is canonically identified with X itself. Thus the evaluation of CW θ (λ ) on a point * is just the character CW θ (λ ) itself. The evaluation of CW θ (λ ) on a closed oriented 1-manifold S is the transgression τ S ( CW θ (λ )) ∈ H 3 (C ∞ (S, X); Z) to the space of smooth maps f : S → X. Similary, evaluation of CW θ (λ ) 11 There are several ways to construct transgression of differential cohomology to loop spaces and higher mapping spaces. For a nice geometric method, see [1] . on a closed oriented surface Σ is the transgression τ Σ ( CW θ (λ )) ∈ H 2 (C ∞ (Σ, X); Z) to the space of smooth maps f : Σ → X. It thus yields an isomorphism class of hermitean line bundles with connection over the mapping space C ∞ (Σ, X). The evaluation of CW θ (λ ) on a closed oriented 3- 
) to the space of smooth maps f : M → X. It coincides with the holonomy along closed oriented 3-manifolds, considered as a smooth
By [32] , a reasonable notion of geometric String structure on (P, θ ) should provide (a notion of) trivializations of the corresponding extended Chern-Simons theory. In the present case, a trivialization of a differential character is a global section (in the same way as principal bundles are trivialized by global sections). See [1] for more details and examples. A character h ∈ H k (X; Z) admits a trivialization if and only if it is topologically trivial, i.e. c(h) = 0. There is a 1-1 correspondence between global sections of a given character h and differential forms ω ∈ Ω k−1 (X) satisfying dω = curv(h).
Trivializations of the extended Chern-Simons theory associated with the CheegerSimons character CW θ ( 
Analogously, transgression of differential String classes to mapping spaces yields trivializations of the corresponding evaluations: Note that the transgression maps constructed in [1] and [2] commute with the long exact sequence (40). Thus for an oriented closed surface Σ the transgression τ Σ ( q) ∈ H 2 (C ∞ (Σ, X; Z) of a differential String class satisfies:
In particular, τ Σ (ρ) ∈ Ω 1 (C ∞ (Σ, X)) defines an isomorphism class of sections of the line bundle over C ∞ (Σ, X) associated with the transgressed Cheeger-Simons character τ Σ ( CW θ ( 1 2 p 1 )). Likewise, for a closed oriented 1-manifold S, transgression along S of a differential String class q satisfies
) yields a global section of the transgressed character τ S ( CW θ ( 1 2 p 1 )). 5.5. Transgression to loop space. Let π : P → X be a principal Spin n -bundle. Applying the loop space functor yields a principal L (Spin n )-bundle π : L (P) → L (X). In mathematical physics one would like to construct vector bundles associated to the loop group bundle in the same manner as the spinor bundle is constructed from a Spin structure on X. However, the positive energy representations of the loop group L (Spin n ) are all projective. Therefor, one needs to lift the structure group of the loop bundle π :
The obstruction to such lifts is precisely the transgression to loop space of the class If X is a String manifold, then it is possible to lift the structure group of the loop bundle π : L (P) → L (X) from L (Spin n ) to its universal central extension. In a next step one may want to construct associated vector bundles and interesting operators on sections of those. However, there remain serious analytical difficulties when dealing with differential operators on the infinite dimensional loop space L (X). A famous conjecture of Witten says that the S 1 -equivariant index of a hypothetical Dirac operator on L (X) should be given by the so-called Witten genus [36] . So far, construction of Dirac operators on loop space is far beyond reach, let alone analytical features like the Fredholm property, which are required to talk about the index. A related conjecture due to Höhn and Stolz [31] (which can be formulated without using those hypothetical Dirac operators) expects the Witten genus on a String manifold to be an obstruction against positive Ricci curvature.
Instead of struggling with the analysis on the free loop space L (X), one may also study the obstruction 1 2 p 1 (P) and its trivializations on the manifold X itself. This is the program of String geometry: The universal characteristic class
is the obstruction to lift the structure group of a principal Spin n -bundle π : P → X to its 3-connected cover String n → Spin n .
As explained in Section 4.1, homotopy classes of lifts of classifying maps
give rise to so-called u-trivialization classes q ∈ H n−1 (P; Z). In the special case of G = Spin n , n ≥ 3, and u = 1 2 p 1 ∈ H 4 (BSpin n ; Z), such lifts are called String structures (in the homotopy theoretic sense). By [27] , there is a 1-1 correspondence between String structures in the homotopy theoretic sense and String classes q ∈ H 3 (P; Z). Similarly, one may consider differential String classes on a principal Spin n -bundle with connection (P, θ ) as isomorphism classes of String structures with additional geometric structure. As exlpained in Section 5.3.2, String classes on (P, θ ) are precisely the stable isomorphism classes of so-called geometric String structures.
In the String geometry program one may regard (geometric) String structures on (P, θ ) → X as replacements of (geometric) Spin structures on the loop bundle π : L (P) → L (X). More explicitly, transgression to loop space can be applied not only to the obstruction class 1 2 p 1 but also to its trivializations: (geometric) String structures on π : P → X are transgressed to (geometric) Spin structures on the loop bundle π : L (P) → L (X). For more details, see [33, 35] .
Here we notice that transgression of relative and absolute differential characters fits into that picture: differential String classes on (P, θ ) → X are transgressed to differential refinements of the isomorphism classes of the universal central extension (37): given a differential String class q ∈ H 3 (P; Z), the transgressed character τ S 1 ( q) satisfies −ȋ π (τ) = τ( CCS θ ( 1 2 p 1 )) − ι π (τ(ρ), 0).
In particular, the transgressed differential form τ(ρ) yields a global section of the transgressed character τ( CW θ ( 1 2 p 1 )). Moreover, Moreover, by naturality of the transgression, the transgressed character τ( q) ∈ H 2 (L (P); Z) satisfies i * L (P) γ (τ) = τ(i * P x q) ∈ H 2 (L (Spin n ; Z). This follows from the commutative diagram of evaluation maps
and the identification of the fiber L (P) γ = π −1 (γ) over γ ∈ L (X) with the loop group L (Spin n ).
In particular, since transgression yields an isomorphism τ : H 3 (Spin n ; Z) → H 2 (L (Spin n ); Z), the (isomorphism class of) line bundle with connection associated with the transgressed String class represents on every fiber of the loop bundle the (isomorphism class of) the universal central extension L (Spin n ) → L (Spin n ). Thus τ( q) represents (isomorphism classes of) L (Spin n )-lifts of the loop bundle. In this sense, String classes transgress to Spin classes on the loop bundle, and differential String classes transgress to differential refinements of those.
APPENDIX A. DIFFERENTIAL CHARACTERS
In this section we briefly recall the notion of (absolute and relative) differential characters as introduced in [9] and [6] . We recall some facts on the relation between absolute and relative characters from [1] and [2] .
Let ϕ : A → X be a smooth map. Let Z * (ϕ; Z) be the group of smooth singular cycles of the mapping cone complex. Denote the differential of the mapping cone complex by ∂ ϕ . Similarly, denote by Ω * (ϕ) the mapping cone de Rham complex with differential d ϕ .
Let k ≥ 2. The group of degree-k relative or mapping cone differential characters H k (ϕ; Z) is defined as:
The notation h • ∂ ϕ ∈ Ω k (ϕ) means that there exist differential forms (ω, ϑ ) ∈ Ω k (ϕ)
such that for any chain (v, w) ∈ C k (ϕ; Z) we have h(∂ ϕ (v, w)) = exp 2πi´( v,w) (ω, ϑ ) .
It turns out that the pair of forms (ω, ϑ ) ∈ Ω k (X) × Ω k−1 (A) is uniquely determined by the character h and is closed with integral periods. We call ω =: curv(h) the curvature of the character h and ϑ =: cov(h) its covariant derivative. We also have a homomorphism c : H k (ϕ; Z) → H k (ϕ; Z), called characteristic class. The group H k (X; Z) of absolute differential characters on X is obtained as above by replacing the mapping cone complexes by the smooth singular and the de Rham complex of X. A character h ∈ H k (X; Z) then has a characteristic class in c(h) ∈ H k (X; Z) in integral cohomology and a curvature curv(h) ∈ Ω k 0 (X) in the closed forms with integral periods. In [1, Ch. 8] we establish a 1-1 correspondence between H 2 (ϕ; Z) and the group of isomorphism classes of hermitean line bundles with connection and section along ϕ. By a section we mean a nowhere vanishing section or a section of the associated U(1)-bundle. The curvature of a character corresponds to the (normalized) curvature form of the line bundle. Its covariant derivative corresponds to the covariant derivative of the section. Hence the name. The characteristic class corresponds to the first Chern class of the line bundle. Similarly, H 2 (X; Z) corresponds to the group of isomorphism classes of hermitean line bundles with connection.
In [1, Ch. 7] and [2, Ch. 5] we construct fiber integration and transgression maps for absolute and relative differential characters. Thus on any fiber bundle π : E → X with compact oriented fibers F we obtain fiber integration homomorphisms
Here ϕ : A → X denotes a smooth map and Φ : ϕ * E → E the induced bundle map. The fiber integration maps commute with the usual fiber integrations on differential forms and cohomology and with the homomorphisms in the short exact sequences (38) and the long exact sequence (40). Transgression to the free loop space L (X) := {γ : S 1 → X smooth} is defined via pullback by the evaluation map ev : L (X) × S 1 → X, (γ,t) → γ(t), and fiber integration in the trivial bundle:
Likewise, transgression to the free loop space is defined for relative or mapping cone characters: For a smooth map ϕ : In this section, we describe the analogous statement for bundle 2-gerbes with connection. 12 As a particular instance of this fact, we conclude that for any principal Spin n -bundle with connection π : (P, θ ) → X the Cheeger-Simons bundle 2-gerbe with respect to the connection θ represents the Cheeger-Chern-Simons character CCS θ ( 1 2 p 1 ) ∈ H 4 (π; Z). This in turn implies that differential String structures in the sense of [34] represent differential String classes in our sense.
Recall that a bundle 2-gerbe with connection G , represented by a submersion π : Y → X, consists of a bundle gerbe with connection P → Y [2] and a 3-form B ∈ Ω 3 (Y ), subject to several compatibility conditions for tensor products of pull-backs to the various higher fiber products. The 3-form B is called the curving of the connection on G . Moreover, the connection of the bundle 2-gerbe has a curvature 4-form H ∈ Ω 4 0 (X). The curvature and curving are related by π * H = dB. The characteristic class of a bundle 2-gerbe is a cohomology class CC(G ) ∈ H 4 (X; Z).
A trivialization with connection of a bundle 2-gerbe with connection is a bundle gerbe with connection S over Y , subject to several compatibility conditions for tensor products of pull-backs to the various higher fiber products. In particular, any trivialization with connection comes together with a uniquely determined 3-form ρ ∈ Ω 3 (X) such that π * ρ = curv(S ) + B and dρ = H. A bundle 2-gerbe admits trivializations if and only if its characteristic class vanishes, and any trivialization admits compatible connections. 12 For more details on bundle 2-gerbes with connection and their trivializations see [30, 34] . 
